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Abstract—Based on today’s most widely used surface scattering
model, the advanced integral equation model (AIEM), this study
proposes a novel soil moisture inversion model that estimates
bare surface soil moisture using double-incidence angle and dualpolarized L-band radar data. Compared with previous studies at
L-/C-band, the proposed method provides the estimation of soil
moisture without referring to the measured soil roughness and
eliminates the requirement of an initial dry season condition. The
root-mean-square error (rmse) of volumetric soil moisture varies
from 0.8% to 3.2% at different incidence-angle combinations
validated by simulated solving and from 4.0% to 7.9% by field
measurements when the paired incidence angles are not both
large. In case the paired angels are both large, not particularly
suitable for soil moisture estimation, the rmse increases to 10.3%.
Therefore, this method is applicable to bare surface soil moisture
retrieval when at least one of the incidence angles is not large.

wave scattering and emission models. The integral equation
model (IEM) [3] is the most widely used theoretical radar scattering model for bare surface or sparsely vegetated landscapes.
Mametsa et al. [4] concluded that the IEM had a much wider applicable region compared to the Kirchhoff approximation (KA)
[5], [6] and the small perturbation model (SPM) [5], [6]. Due
to its mathematical simplification and physical assumptions,
IEM has been improved for many times [7], [8]. As the most
updated version, advanced IEM (AIEM) [9], [10] writes the
like-polarized formula in its compact form

Index Terms—Advanced integral equation model (IEM)
(AIEM), double angle, dual polarization, microwave remote sensing, soil moisture inversion.
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If the surface is considered to be isotropic and exponentially correlated, AIEM is written as

I. I NTRODUCTION

E

STIMATION and characterization of surface soil moisture’s spatiotemporal variability are crucial in hydrologic
modeling and water resource management. Remote sensing
techniques are expected to contribute to such research topics in
large scale. Among a variety of remote sensing methods, radar
backscattering models that relate the soil dielectric constant,
which is sensitive to 0%–35% moisture content [1], [2], are
usually more reliable than other methods. During the past
decades, a lot of effort has been made to derive electromagnetic
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0
= AIEM(εr , hrms , LC )
σqp

(2)

where hrms and LC stand for root mean square of surface
height and the correlation length, respectively, and εr is
the relative dielectric constant of soil. The normalized radar
cross section (NRCS) is a function of soil dielectric constant,
surface correlation length, and standard deviation of height for
any given frequency and incidence angle.
Compared with the time series algorithms [11]–[13] which
require a priori knowledge, the so-called snapshot estimation
methods that use only data of one frame or approximately
spontaneity are of more challenge. The snapshot mode of soil
moisture inversion is problematic because the radar backscattering is sensitive to both soil roughness and soil dielectric
[14], [15], despite the acceptable accuracy of AIEM/IEM. To
estimate soil moisture with various roughness, empirical [16],
[17] and possibilistic [18] approaches were presented. Based on
AIEM/IEM simulation, more quantitative inversion algorithms
[19]–[24] have been developed. Compared with the empirical
or possibilistic ones that require field measurements to fit their
coefficients and, thus, potentially less applicable to other fields,
this class has the merit of local independence. In bare soil cases,
moisture and soil roughness are the three major independent
parameters to determine. Considering the weak return of cross
polarization compared with crosstalk and system noise [16],
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0
we only employ two copolarization measurements σhh
and
0
σvv . To solve for soil moisture, we have to either decrease
the unknowns or increase the measurements. By AIEM simulation, for natural surfaces, the value and dynamic range of
copolarization ratio decrease with frequency. In addition, at
C-band, they are even smaller than the noise level. In other
0
0
and σvv
approach each other too much at C-band.
words, σhh
Therefore, one incidence angle can only provide one equation
for inversion. Adding another incidence angle [24] introduces
the difference (in decibels) Δσ 0 of two different incidence
angles’ backscattering to establish an extra equation of soil
roughness named Z-index, i.e., Zs = (h2rms /LC )

Δσ 0 = fZs (Zs).

(3)

To decrease the unknowns, [25] tried to combine the two
soil (hrms , LC ) roughness parameters into one unknown Zs in
0
0
and σvv
at C-band which is valid
the description of both σhh
when the product of wavenumber and hrms is less than 1.2.
To give a solution to a wider surface roughness region, [22]
0
to establish another
uses the dry season backscattering Δσdry
equation
0
σdry

= fdry (hrms , LC ).

(4)

Since the soil moisture was set a constant 0.03 in this
0
was exclusively dependent on hrms and LC .
equation, Δσdry
0
and then solving the nonlinear
By combining Δσ 0 and Δσdry
equation set, they mapped the soil roughness and input them to
0
0
or σvv
another prefitted four-order polynomial using either σhh
to finally estimate soil moisture
 0

, hrms , Lc .
mv = f σpp

(5)

Reference [19] employed six channels (three bands of two
polarizations for each) to solve for soil moisture and roughness.
Progress made by the previous soil moisture inversion studies enables us to estimate soil moisture from remote sensing
data. However, many physical limitations and mathematical
problems still remain. Physically, the dry season requirement
is often too strict to be applied because even a 5% variation of
0
, which is common
soil moisture can spoil the fitting of σdry
even in dry fields; different bands (L/C/X) are responsible for
the moisture of different effective (penetrating) depths [26] and
the roughness of different scales [27]; therefore, the unknowns
are not identical in the equations at different bands. Mathematically, AIEM/IEM is a complicated and highly nonlinear
formula that requires summing a large number of series. Direct
use of it in the iterations of solving a nonlinear equation
set would require considerable computation. Furthermore, by
AIEM simulation, copolarizations of an individual band are
highly correlated. Therefore, repeatedly using (12) to construct
the equation set would be redundant.
This paper proposes an innovative soil moisture inversion
model that, based on the latest AIEM, uses double-angle copolarized L-band radar data. The double incidence is generally
attainable from the airborne synthetic aperture radar (SAR) and

scatterometer data by repeating the flight swath, while constant
soil moisture of the same area is assumed valid for consecutive
satellite observations. Merits of this method enable us to do the
following: 1) to avoid using prior information of soil roughness measurement; 2) to eliminate the dry season acquisition
requirement; and 3) to implement a solving strategy that rapidly
converges through the iterations. This paper is organized as
follows. In Section II, an equation-set approach is presented and
followed by the derivation of its three equations; a multiplicative method is proposed to relate copolarization measurements
to soil parameters, a double-angle difference equation, and a
copolarization ratio equation. The three equations are then combined to solve for the three soil parameters (dielectric factor,
hrms and LC ). Then, the solved dielectric factor is converted to
volumetric soil moisture in the end of Section II. In Section III,
a numerical solving strategy that uses a lookup table (LUT)
to give an initial guess to solve the proposed equation set is
described in greater detail. Section IV describes the experimental data [20], validation results, and error analysis, followed by
the conclusion and discussion section at the end.

II. M ODEL
A. Equation-Set Approach
An equation-set approach is proposed to solve for the soil
moisture in this study. This approach uses a number of equations that link radar measurements to the ground unknowns. To
derive those equations, AIEM, the most widely acknowledged
electromagnetic scattering model for random rough surface, is
applied to provide a simulation database since it has the widest
valid soil roughness range for natural surfaces and has been
validated by many studies (see [4, Fig. 2]). The good accuracy
of AIEM is also verified by using the field data introduced
in Section IV.
However, the calculation of AIEM might be unnecessarily complex if used in equation-solving iterations. Fitting the
AIEM simulation data to simpler equations is usually employed
to circumvent this disadvantage. The range of simulation settings in this study is as follows: mv ∈ [0.01, 0.4] cm3 /cm3 with
0.01 cm3 /cm3 intervals, LC ∈ [1, 30] cm with 1-cm intervals,
and hrms ∈ [0.1, 3.5] cm with 0.1-cm intervals. At L-band, εr
is calculated empirically by [28] and adjusted by [29]. An
exponential autocorrelation function is assumed throughout the
study. This assumption is based on the fact that Gaussian 1.5
power and exponential functions were tested for the experimental data and the exponential one worked the best of all. By fitting
different simulated radar measurements, a number of equations
can be obtained.
Another issue in the equation-set approach is to avoid using
equivalent equations in the equation set. The equivalence of
a nonlinear equation set might be roughly evaluated by the
correlation values between the measurements used by the equations. Through simulation, we found that the correlation values
0
0
and σvv
(in decibels) were above 0.99 for all incibetween σhh
dence angles. Even between different incidence angles, the correlation is quite high. Meanwhile, our experimental data exhibit
the corresponding properties. The correlation values between
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where Sr stands for the roughness factor for both copolarizations and Rpp stands for the power of polarization amplitude in
SPM and is written as

Rhh

Rvv

Fig. 1.

Scheme of the proposed method.

0
0
σhh
and σvv
(in decibels) are 0.9915/0.9940/0.9784/0.9792
◦
◦
for 20 /30 /40◦ /50◦ , respectively. For cross incidence angles, the correlation values are 0.9805/0.9736/0.9491/0.9920/
0.9779/0.9857 for 20◦ versus 30◦ /20◦ versus 40◦ /20◦ versus
50◦ /30◦ versus 40◦ /30◦ versus 50◦ /40◦ versus 50◦ HH polarization and 0.9817/0.9759/0.9541/0.9927/0.9814/0.9845 for the
same angle combinations at VV polarization. Therefore, we do
0
or their
not recommend the direct use of more than one σpp
sum, arithmetic/geometric average to construct the equation
set. Instead, their difference/ratio across polarization/incidence
angle that are less correlated should be used. By carefully
selecting the measurements with low correlation values, we
0
0
, Δ ln σhhvv
,
found that, when the three measurements ln σhhvv
0
0
and ln(σhh /σvv ) are used together, the equation set can be
solved. The equations of these three measurements are derived
through Sections II-C–E. They are (12), (16)/(18), and (19),
respectively. In those equations, the three unknowns Rhh , hrms ,
and LC are nonlinear coupled; thus, the proposed equation
set is nonlinear which requires iterative solving. To accelerate
the iterations and avoid the solutions from falling into a local
optimum, a 3-D LUT is employed before iterations begin. Fig. 1
shows the scheme of solving, the details of which are described
in Section III.

Although L-band approaches the low-frequency region for
natural surfaces more than C-band, SPM is not applicable to
L-band land applications. Some studies [23] assume that
0
= Rpp Sr
σpp

(6)

2



2 


(7)


2


 (ε − 1) sin2 θ − ε (1 + sin2 θ) 
r
 r

2
= |αvv | =  
 (8)
2


2
εr cos θ + εr − sin θ



where θ denotes the incidence angle.
Through simulation, we found that, in the presence of very
small hrms or of small incidence angles (θ ≤ 30◦ ), (6) did not
introduce considerable error. In cases of both relatively large
incidence angle (θ ≤ 30◦ ) and large soil roughness (hrms >
1.5 cm), however, the equation cannot yield a constant Sr
for given soil roughness parameter (hrms , LC ) because the
0
/Rpp makes Sr vulneroversimplified assumption of Sr = σpp
able to the change of Rpp . Furthermore, assuming a unique
0
0
and σvv
roughness factor in a given (hrms , LC ) value for σhh
is not realistic and thus not accurate. Therefore, for better
inversion accuracy, more precise simplification for AIEM is
required. In this section, we employ a multiplicative model [30]
which is capable of modeling radar backscattering for incidence
angles up to 60◦ . We still assume that the radar backscattering
is a product of a dielectric factor and a roughness factor while
using an undetermined form
0
= fhhvv (Rhh )∗ Srhhvv (hrms , LC )
σhhvv

(9)

0
a
b
= σhh
σvv
. Without a loss of generality, we supwhere σhhvv
pose |a| + |b| = 1.
By definition, we assume that the dielectric function
fhhvv (Rhh ) only depends on soil dielectric, while the soil
roughness function Srhhvv is exclusively dependent on soil
roughness parameters, i.e., (hrms , LC ) in the scope of this
study. After the assumption of (9), its validation step and the
formulation follow. The logarithm of (9) form is written
0
= ln fhhvv (Rhh ) + ln Srhhvv .
ln σhhvv

(10)

Obviously, (9) and (10) are the generalized case of (6). An
overdetermined linear system is used to derive the values of
ln fhhvv (Rhh ) and ln Srhhvv
⎤
ln fhhvv (Rhh1 )
⎥
⎢ ln fhhvv (Rhh2 )
⎥
⎤⎢
I ⎢···
⎥
⎥
⎢
I ⎥ ⎢ ln fhhvv (Rhhn )
⎥
⎥.
⎦⎢
· · · ⎢ ln Srhhvv (hrms1 , LC1 ) ⎥
⎥
⎢
I ⎢ ln Srhhvv (hrms2 , LC2 ) ⎥
⎦
⎣
···
ln Srhhvv (hrmsk , LCk )
(11)
⎡

⎡

B. Model at L-band




εr − 1

2
= |αhh | =  

 cos θ + εr − sin2 θ

⎤ ⎡
0
ln σhhvv1
A1
0
⎢ ln σhhvv2
⎥ ⎢ A2
⎣
⎦=⎣
···
···
0
ln σhhvvn
An
∗k
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Fig. 2. RMSE contours of (13) for a at different incidence angles. The areas
between the two solid/dash dot/dash lines are the valid area in 0.05-, 0.075-,
and 0.1-dB rmse, respectively.

The left side of (11) represents AIEM-simulated NRCS at
copolarizations calculated from the valid range of the natural
surfaces and AIEM input. Supposing that we have n different
simulated Rhh values and k different simulated soil roughness
(hrms , LC ) cases, Ai stands for a (k ∗ n) matrix with the ith
column of one while all the other elements are zero; I stands for
a (k ∗ k) identity matrix. Thus, the unknown vector is an (n + k)
dimensional column. There are (n ∗ k) equations in total. By
substituting the solution back into the equations, we can validate the assumption made in (9) and (10). If all the equations are
well satisfied, (9) and (10) hold. Otherwise, they are invalid. By
solving (11) using QR factorization with column pivoting [31],
we found that valid (a, b) existed for all mostly used incidence
angles (20◦ –60◦ ). Despite that this multiplicative model applies
to a wide range of incidence angle, a fixed Rhh at θ = 20 can
be applied through them because Rpp (εr , θ) just serves as a
transition variable of ε. Then, one can employ a uniform relationship between Rhh (εr , 20) and εr once Rpp has been solved.
By fitting the solution, we found that simple polynomials were
capable of formulating ln f (Rhh ) and ln Srhhvv (hrms , LC ).
Therefore, we can write (10) as
0
= ln f (Rhh ) + ln Srhhvv = co(Rhh , hrms , LC ) (12)
ln σhhvv

where
ln Srhhvv (hrms , LC )

Fig. 3.

AIEM simulation versus the right side of (12).

+ psr h5rms + qsr (ln Lc)5 + rsr hrms (ln Lc)4
+ ssr h2rms (ln Lc)3 + tsr h3rms (ln Lc)2
+ usr h4rms ln Lc

(13)

ln f (Rhh )
0.5
1.5
+ cd Rhh + dd Rhh
= ad + bd Rhh

(14)

To obtain the valid region of a(b = 1 − a), we solve (11) using
different a that ranges from zero to one at 0.02 intervals and
evaluate the solving standard error. Fig. 2 shows the error
counter for a versus θ plane. For each fixed error value, an up
boundary and a low boundary exist in Fig. 2. The region between the two boundaries is the valid region in which the value
a enables the solving standard error of (11) smaller than the
fixed error value. In Fig. 2, it is observed that, in the same error
limit, the smaller the incidence angle, the larger the valid region
of a exists. The smallest error occurs when a approaches to 0.5
at all incidence angles. Measured in decibels per power, letting
a = 0.5, the solving standard errors for the incidence angles of
20◦ , 30◦ , 40◦ , 50◦ , and 60◦ are 0.0033/1.91 × 10−4 , 0.0068/
2.15 × 10−4 , 0.0173/3.84 × 10−4 , 0.0345/4.72 × 10−4 , and
0.0622/5.96 × 10−4 , respectively. Obviously, even in the worst
case (θ = 60◦ ), the model error is negligible compared with the
noise of radar measurement. The scatter plots of (12) at 20◦
incident angle are shown in Fig. 3. Due to the simplification
and negligible error of (9) compared with AIEM, it serves as a
basis of this study.

= asr + bsr ln hrms + csr ln Lc + dsr (ln hrms )2
C. Difference (in Decibels) of Double-Incidence
Angle Backscattering

+ esr (ln Lc)2 + fsr ln hrms ln Lc + gsr (ln hrms )3
+ hsr (ln Lc)3 + isr hrms (ln Lc)2 + jsr (ln hrms )2 ln Lc
4

4

+ ksr (ln hrms ) + lsr (ln Lc) + msr ln hrms (ln Lc)
+ nsr (ln hrms )2 (ln Lc)2 + osr (ln hrms )3 ln Lc

3

By slightly adjusting (a, b) in the experiment of this paper,
setting (a, b) to (0.5, 0.5) for small to medium incidence angles and (0.6, 0.4) for large incidence angle (> 35◦ ), we can
minimize the effect of soil moisture in the derived equation
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for double-incidence angle difference (in decibels). Such (a, b)
enables the equation ln f (Rhh ) = ri ln(Rhh ) to fit very well.
We have

0
= r1 ln Rhh + ln Srhhvv1
ln σhhvv,θ
1
(15)
0
ln σhhvv,θ
= r2 ln Rhh + ln Srhhvv2 .
2
By eliminating Rhh from (15), we obtain an equation that is
not only simple in form but also relatively uncorrelated to (12),
which is
0
0
ln σhhvv,θ
ln σhhvv,θ
1
2
−
= λ(hrms , Lc).
r1
r2

(16)

(16) can be precisely fitted using a five-order polynomial
λ(s, Lc) = adiﬀ +bdiﬀ ln hrms +cdiﬀ ln Lc+ddiﬀ h2rms
+ ediﬀ (ln Lc)2 +fdiﬀ hrms ln Lc+gdiﬀ h3rms
+ hdiﬀ (ln Lc)3 +idiﬀ hrms (ln Lc)2
+ jdiﬀ h2rms ln Lc+kdiﬀ (ln hrms )4
+ ldiﬀ (ln Lc)4 +mdiﬀ hrms (ln Lc)3
+

ndiﬀ h2rms (ln Lc)2 +odiﬀ h3rms

Fig. 4. AIEM simulation versus the right side of (14).

ln Lc

+ pdiﬀ h5rms +qdiﬀ (ln Lc)5
+ rdiﬀ hrms (ln Lc)4 +sdiﬀ h2rms (ln Lc)3
+ tdiﬀ h3rms (ln Lc)2 +udiﬀ h4rms ln Lc.

(17)

However, it should be noted that measurements of difference in
decibels or ratio in power will usually amplify the solving error
of (12). In Section II-B, we know that the backscattering of a
larger incidence angle introduces a larger error in (12). Thus, if
one of the incidence angles is large (> 35◦ ), the fitting error of
(16) will also be relatively large. In this circumstance, we let the
coefficients of one- to three-order roughness terms be functions
of Rhh , which is written as
0
0
ln σhhvv,θ
ln σhhvv,θ
1
2
−
= λ(Rhh , hrms , Lc).
r1
r2

(18)

The complete form of (18) is in (B1) and (B2) of Appendix B
with its fitting method described. The scatter plots of 20 versus
30 incidence angles are shown in Fig. 4 in Appendix A.
D. Coupled Equation for Copolarization Ratio
0
0
Copolarization ratio ln(σhh
/σvv
) is another measurement
we found that has low correlation value to the previous two.
When (a, b) = (0.5, −0.5), we can observe from Fig. 5 that
the solving error of (12) is unacceptably large. Therefore,
the multiplicative model is not capable of including the case
of (a, b) = (0.5, −0.5). For small-scale applications, AIEM
can be used directly to link copolarized ratio and the ground
parameters in

ln

0
σhh
= cr(Rhh , hrms , LC ).
0
σvv

(19)

Fig. 5. AIEM simulation versus the right side of (12) when a = 0.5 and
b = −0.5.

For large-scale applications, a simpler equation is needed
to replace AIEM to decrease the computational expense. In
our test, a six-order polynomial which is written in (B3) of
Appendix B can fit it precisely.
E. Conversion From to Rhh to mv
After Rhh is solved from the equation set, our final target is to
convert it to the volumetric soil moisture. Since the relationship
of Rhh and εr is straightforward through (7) and εr is solely
dependent on soil moisture once soil characteristic is known,
mv can be immediately obtained by using an up to 2.5-order
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polynomial that uses the output of (7) to fit the soil moisture in
[28] and [29]
0.5
mv = amv + bmv Rhh
+ cmv Rhh
1.5
2
2.5
+ dmv Rhh
+ emv Rhh
+ fmv Rhh

(20)

where amv − fmv depends only on soil characteristics and
temperature. The merit of estimating mv from Rhh instead of
directly from the equation set is that, for given incidence angle
and frequency, all the coefficients in the equation set can remain
constant for any soil characteristic and temperature.
III. I NVERTED S OLVING
A. Nonlinear System
In Section II, a nonlinear equation set is constructed to solve
for the soil moisture without using prior knowledge of soil
roughness. The Gaussian–Newtown method is used to solve the
equation set since the Jacobian matrix is easy to obtain using
the first-order derivative of (12), (16)/(18), and (19). By Taylor
formula, we have
∂co
∂co ⎤ ⎡
⎤
⎡
⎤ ⎡ ∂co
∗
, h∗rms , L∗C )
co (Rhh
ΔRhh
∂Rhh ∂hrms ∂LC
⎢ ∂λ
∂λ
∂λ ⎥ ⎣
∗
⎦
⎣ λ (Rhh
, h∗rms , L∗C ) ⎦ = ⎣ ∂R
∂hrms ∂LC ⎦ Δhrms
hh
∗
∗
∗
∂cr
∂cr
∂cr
cr (Rhh , hrms , LC )
ΔLC
∂Rhh

Let

∂LC

⎡

ini ⎤
co(Rhh
)
 ini 
⎣
+ λ hrms ⎦ .


cr Lini
C


(i)
(i)
(i)
co Rhh , hrms , LC
co
⎢ 
⎢
(i)
(i)
(i)
= ⎣ λ ⎦ − ⎢ λ Rhh , hrms , LC
⎣ 
cr
(i)
(i)
(i)
cr Rhh , hrms , LC
⎡

ΔF (i)

∂hrms

⎤

⎡

(21)

⎤
⎥
⎥
⎥
⎦

(22)

where the first term in the right-hand side of (22) stands for the
radar measurement.
Let
⎡ ∂co
∂co
∂co ⎤
∂Rhh

⎢ ∂λ
J = ⎣ ∂R
hh
∂cr
∂Rhh

∂hrms
∂λ
∂hrms
∂cr
∂hrms

∂LC
∂λ
∂LC
∂cr
∂LC

⎥
⎦.

(23)

Using the least squares principle, the iteration formulas are
⎤
⎡
(i)
ΔRhh

−1
⎥
⎢
J (i) ΔF (i)
(24)
=
J T (i) J (i)
⎦
⎣ Δh(i)
rms
(i)
ΔLC
⎡ (i) ⎤ ⎡
⎤ ⎡ (i−1) ⎤
(i)
Rhh
ΔRhh
Rhh
⎢ (i) ⎥ ⎢
⎥ ⎢ (i−1) ⎥
(i)
(25)
⎣ hrms ⎦ = ⎣ Δhrms ⎦ + ⎣ hrms ⎦
(i)

LC

(i)

ΔLC

(i−1)

LC

where i stands for the order of the current iteration.

Fig. 6.

Illustration of 3D-LUT cloud.

Note that if AIEM is directly used in (19), its derivative of
(19) must be approximated by its difference.
B. Establishment and Use of LUT
To circumvent local optimum solutions through iterations,
a good initial guess is required. This study uses a 3D-LUT
method to obtain the initial guess for any given combination
of measurements, i.e.,


0
0
0
σhh,inc2
ln σhhvv,inc1
ln σhhvv,inc2
0
,
−
ln σhhvv,inc1 , ln 0
σvv,inc2
r1
r2


∼ Rhh|ini , hrms|ini , LC|ini .

(26)

Dense AIEM simulation data are used to fill the 3D-LUT.
When the measurements fall between the table grids, the nearest
neighbor method is used to find the initial guess. Fig. 6 is
used to show the 3D-LUT. In Fig. 6, three axes represent the
three simulated radar measurements. For each table, the value
at a given point (x, y, z) stands for one unknown; it is Rhh|ini ,
hrms|ini , or LC|ini in this study. Thus, we need three 3D-LUTs
in total. To reduce the computation, we use the uniform table
grids which are adequate to give the initial guess.
IV. DATA AND VALIDATION
The validation work of this study consists of two parts:
1) validation by simulated solving and 2) validation by
field data. Simulated solving validation uses simulated radar
backscattering data as observations and preset soil parameters
as ground truth. Simulated validation is indeed significant
because it verifies whether the proposed method can work
throughout the whole parameter range, which is often not available using field data. More importantly, simulated solving validation can be repeated and compared by readers. To thoroughly
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Fig. 7.

Scatter plots and rmse of solved mv versus simulated mv .
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Fig. 8. Validation of AIEM by the experimental data.

validate the effectiveness of the proposed model, we performed
the validation on six different combinations of the doubleincidence angles, which are 20◦ versus 30◦ , 20◦ versus 40◦ ,
20◦ versus 50◦ , 30◦ versus 40◦ , 30◦ versus 50◦ , and 40◦ versus
50◦ . These groups correspond to the configurations of our
field data. Fig. 7 shows the root-mean-square error (rmse)
and scatter plots of simulated soil moisture versus the solved
ones.
For field data validation, the University of Michigan polscatterometer experimental data in 1991 [20] are used in this
study. In this data set, the intensities of HH/VV/0.5(HV +
VH) at 20◦ –60◦ incidence angle that covered four bare soil sites
of Ypsilanti in 1991 are available; hrms varies from 0.55 to
3.47 cm, LC varies from 6.9 to 11 cm, and mv ranges from
0.7% to 20% cm3 /cm3 . Thus, the roughness parameters span
roughly the whole valid region of AIEM, and the dynamic
range of soil moisture is adequate. It is important to validate
the accuracy of AIEM to predict the bare surface backscattering before use. Due to the adoption of only the copolarized
backscattering, the single scattering version of AIEM is adequate in the scope of this study, while calculating multiple
scattering is time consuming and omitted. The measured soil
parameters (εr , hrms and LC ) in our field data are input into

AIEM; then, the output predictions of both polarizations are
compared to scatterometer measurements in Fig. 8. In Fig. 8,
the rmse values of copolarizations between AIEM prediction
and radar backscattering are 1.69/1.62 dB at 20◦ , 1.46/1.48 dB
at 30◦ , 1.96/1.75 dB at 40◦ , and 2.2/2.1 dB at 50◦ , respectively.
It is observed that AIEM is sufficiently accurate, particularly
at small and medium incidence angles. At 30◦ , AIEM achieves
the best accuracy. More details of these data are available in
[20]. The rmse and scatter plots of estimated mv versus in situ
measurements are shown in Fig. 9.
In Fig. 9, two facts are observed. First, the inversion error
of soil moisture brought by the numerical solving is usually
acceptable in the presence of a low incidence angle, which is
20◦ in this experiment, while the error grows with the increase
of the smaller incidence angle and becomes unacceptable when
both incidence angles become large, which are 40◦ and 50◦ in
this experiment. In conjunction, Figs. 7 and 9 show that, for
both high incidence angles, the three employed measurements
may become more correlated and make the equations less
independent. Second, the error tends to grow a little larger for
wet surfaces. The multiplicative nature that the dielectric factor
exhibits in the total backscattering power and the multiplicative
noiselike radar signal might contribute to this. Another reason
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Fig. 9.
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Scatter plots and rmse of model inverted mv versus the in situ measurements at different combinations of incidence angles.

is that the radar backscattering is less sensitive to the high soil
moisture content than to the low.
In summary, for the application of bare surface soil moisture
mapping using the proposed double-incidence angle model at

L-band, it is recommended to include at least one low or
medium incidence angle in the pair angles. This attribute coincides with the low incidence angle preference for soil moisture
mapping over vegetated areas.
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+ f14 (Rhh )h2rms (ln Lc)2 + f15 (Rhh )h3rms ln Lc

A PPENDIX A
Forward validation scatter plots of the proposed equations
are listed in Appendix A.

+ f22 (Rhh )h6rms + f23 (Rhh )(ln Lc)6 .

λ(Rhh , s, Lc) = adiﬀ (Rhh ) + bdiﬀ (Rhh ) ln hrms
+ cdiﬀ3 (Rhh ) ln Lc
+ ddiﬀ (Rhh )h2rms + ediﬀ (Rhh )(ln Lc)2
+ fdiﬀ (Rhh )hrms ln Lc
+ gdiﬀ (Rhh )h3rms + hdiﬀ (Rhh )(ln Lc)3
+ idiﬀ (Rhh )hrms (ln Lc)2
+ jdiﬀ (Rhh )h2rms ln Lc
+ kdiﬀ (ln hrms )4 + ldiﬀ (ln Lc)4
+ mdiﬀ hrms (ln Lc)3
+ ndiﬀ h2rms (ln Lc)2 + odiﬀ h3rms ln Lc
+ pdiﬀ h5rms
+ qdiﬀ (ln Lc)5 + rdiﬀ hrms (ln Lc)4
+ sdiﬀ h2rms (ln Lc)3 + tdiﬀ h3rms (ln Lc)2
(B1)

In (B1), the coefficients of low-order (1–3) roughness terms are
functions of Rhh . The dielectric factor and roughness factor
are partly coupled in (B1). In (B1), the coefficients of the
high-order roughness coefficients kdiﬀ ∼ udiﬀ are determined
by (B2). After subtracting these high orders, the dielectric
dependent coefficients adiﬀ (Rhh ) ∼ jdiﬀ (Rhh ) can be refitted
by using a loop fitting with respect of Rhh . In each iteration,
adiﬀ (Rhh ) ∼ jdiﬀ (Rhh ) in (B4) is refitted using a fixed Rhh .
Then, we fit (B2) using these values
adiﬀ (Rhh ) ∼ jdiﬀ (Rhh )
=

0.5
1.5
2
2.5
+ eRhh + gRhh
+ iRhh
+ kRhh
a + cRhh
0.5
1.5
2
2.5 .
1 + bRhh + dRhh + f Rhh + hRhh + jRhh

(B2)

For large-scale applications, using (B3) instead of AIEM in
(16) will reduce the computational expense significantly with
an even better solving accuracy because the derivative is
analytical
ln

0
σhh
= cr(Rhh , hrms , LC )
0
σvv

= f1 (Rhh ) + f2 (Rhh ) ln hrms + f3 (Rhh ) ln Lc
+ f4 (Rhh )h2rms + f5 (Rhh )(ln Lc)2
+ f6 (Rhh )hrms ln Lc + f7 (Rhh )h3rms
+ f8 (Rhh )(ln Lc)3 + f9 (Rhh )hrms (ln Lc)2
+ f10 (Rhh )h2rms ln Lc + f11 (Rhh )(ln hrms )4
+ f12 (Rhh )(ln Lc)4 + f13 (Rhh )hrms (ln Lc)3

+ f18 (Rhh )hrms (ln Lc)4 + f19 (Rhh )h2rms (ln Lc)3
+ f20 (Rhh )h3rms (ln Lc)2 + f21 (Rhh )h4rms ln Lc

A PPENDIX B

+ udiﬀ h4rms ln Lc.

+ f16 (Rhh )h5rms + f17 (Rhh )(ln Lc)5

(B3)

The values of fi (Rhh ) in (B3) can be obtained by solving a
different overdetermined system than (11)
⎡
⎤
cr(Rhh1 , hrms1 , Lc1 )
⎢ cr(Rhh1 , hrms2 , Lc2 ) ⎥
⎢
⎥
⎢···
⎥
⎢
⎥
⎢ cr(Rhh1 , hrmsk , Lck ) ⎥
⎢
⎥
⎢ cr(Rhh2 , hrms1 , Lc1 ) ⎥
⎣
⎦
···
cr(Rhhn , hrmsk , Lck )
⎤
⎡
f1 (Rhh1 )
⎢ f2 (Rhh1 ) ⎥
⎥
⎢
⎥
⎡
⎤⎢···
AC
⎥
⎢
⎢ f23 (Rhh1 ) ⎥
AC
⎥
⎢
⎥⎢
=⎣
⎥ (B4)
⎦⎢···
···
⎥
⎢
⎢ f1 (Rhhn ) ⎥
AC ⎢
⎥
⎢ f2 (Rhhn ) ⎥
⎦
⎣
···
f23 (Rhhn )
where cr means the logarithm of simulated copolarization ratio
and
⎡ 1
⎤
ts1 ts12 · · · ts123
⎢ ts2 ts2 · · · ts2 ⎥
⎢ 1
2
23 ⎥
AC = ⎢
(B5)
⎥
⎣ ··· ··· ··· ··· ⎦
tsk1

tsk2

···

tsk23

where tsji stands for the jth roughness term in (B3) using
the ith (hrms , LC ) value of the total k different roughness
combinations. Then, we fit the fi (Rhh ) values also using (B2).
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